Syracuse University

SURFACE
Physics

College of Arts and Sciences

3-3-1993

Heavy Quark Solitons
Joseph Schechter
Syracuse University

Kumar S. Gupta
University of Rochester

M. Arshad Momen
Syracuse University

A. Subbaraman
Syracuse University

Follow this and additional works at: https://surface.syr.edu/phy
Part of the Physics Commons

Recommended Citation
Schechter, Joseph; Gupta, Kumar S.; Momen, M. Arshad; and Subbaraman, A., "Heavy Quark Solitons"
(1993). Physics. 319.
https://surface.syr.edu/phy/319

This Article is brought to you for free and open access by the College of Arts and Sciences at SURFACE. It has been
accepted for inclusion in Physics by an authorized administrator of SURFACE. For more information, please contact
surface@syr.edu.

arXiv:hep-ph/9303207v2 3 Mar 1993

SU-4240-532
UR-1306
ER-40685-755
March,1993

HEAVY QUARK SOLITONS
Kumar S. Gupta
University of Rochester,
Department of Physics and Astronomy ,
Rochester, NY 14627

and

M.Arshad Momen, J.Schechter and A. Subbaraman
Department of Physics,
Syracuse University
Syracuse, NY 13244-1130

Abstract
We investigate the heavy baryons which arise as solitonic excitations in a
“heavy meson” chiral Lagrangian which includes the light vector particles.
It is found that the effect of the light vectors may be substantial. We also
present a simple derivation which clearly shows the connection to the CallanKlebanov approach.
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Introduction

The problem of describing baryons containing heavy quarks (c, b, ...) as
Skyrme type solitons may be considered as an extension of the problem of
describing strange “light” baryons. An approximation in which the strange
quark is considered very heavy was actually discussed some time ago by
Callan and Klebanov1 and others2 . In this picture one imagines a stationary K-meson to which is bound a nucleon treated as a soliton of the
SU(2) × SU(2) effective chiral Lagrangian. Of course it is not clear that
the approximation of treating the strange quark as “heavy” is the best one;
comparable results may be obtained in other treatments3,4,5 which consider
all the baryon octet members on the same footing. On the other hand, it is
reasonable to expect that the bound state approach is a suitable one for the
baryons containing c and b quarks.
An application to the heavy quark baryons based on a fairly literal extension of refs. 1 − 2 has in fact been given6 . More recently it has been
realized that to go to the heavy quark limit one should do more than just
let the heavy mass get large. One should7 at the same time keep the heavy
particle four velocity fixed and impose the Isgur-Wise heavy spin symmetry. This has the consequence that a heavy vector particle should always
appear together in a multiplet with the heavy pseudoscalar. The latter feature was not taken into account in refs.1 − 2, 6 and so the problem was
recently reexamined in some papers by a San Diego-Caltech group8,9 and by
a Hanyang-Seoul-Jagellonian-Saclay-Stony Brook group10,11 .
In the present note we shall consider the problem when the light vectors
are included in the chiral Lagrangian. It is known that this makes both the
mesonic and solitonic sector more realistic for the light particles. It is also
likely to be important for the interaction of the heavy particles with the light
ones; for example, the semileptonic D → K ∗ transition appears to dominate
over D → Kπ.
In addition, we will give a method of calculation which appears a bit
simpler than the previous ones and which makes clearer the connection with
ref. 1. This may be of relevance since there is apparently some disagreement
between the two groups mentioned above.
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Effective Lagrangian

The light part of the effective Lagrangian of pseudoscalars and vectors, Llight
which we shall employ has been discussed in a number of places; see ref. 12
for details and ref. 13 for an updating of the symmetry breaking part as well
as further references. The relevant light fields belong to the 3 × 3 matrix of
pseudoscalars, φ and to the 3 × 3 matrix of vectors, ρµ . It is convenient to
define objects which transform simply under the chiral group:
ξ = exp(iφ/Fπ ),
i
ALµ = ξρµ ξ † + ξ∂µ ξ † ,
g̃

U = ξ2

i †
†
AR
µ = ξ ρµ ξ + ξ ∂µ ξ,
g̃

Fµν (ρ) = ∂µ ρν − ∂ν ρµ − ig̃ [ρµ , ρν ] ,

(2.1)

where Fπ ≈ 0.132 GeV and g̃ ≈ 3.93 for a typical fit. We can do without
the explicit form of Llight here; it is given in (2.6), (2.7) and (2.13) of ref.12
(wherein g should be replaced by g̃). We also do not need the details of
the SU(3) symmetry breaking discussed in ref. 13. Actually we will restrict
ourselves to two flavors of light quarks for simplicity.
The new feature associated with the interactions of the heavy meson fields
involves the use of a field14 combining the heavy pseudoscalar, P ′ and heavy
vector, Q′µ at fixed 4-velocity, Vµ :
H=

1 − iγµ Vµ
(iγ5 P ′ + iγν Q′ν ),
2

H̄ = γ4 H † γ4 .

(2.2)

Note that H is here considered to have dimension of mass. H is a 4 × 4
matrix in the Dirac space and it also carries an unwritten light flavor index.
The chiral interactions of H with the light pseudoscalars were discussed in
ref. 15. The extension to including light vectors was given in ref. 16, which
notation we precisely follow here, and in ref. 17. The total light-heavy
interaction terms we shall require are16 :
h
i
h
i
Lheavy
= iVµ T r H(∂µ − iαg̃ρµ − i(1 − α)vµ )H̄ + idT r Hγµ γ5 pµ H̄
M

+

h
i
ic
T r Hγµγν Fµν (ρ)H̄ ,
mv

3

(2.3)

where mv ≈ 0.77 GeV is the light vector mass and
i
vµ , pµ = (ξ∂µ ξ † ± ξ † ∂µ ξ).
(2.4)
2
Furthermore M is the heavy meson mass. α, c and d are dimensionless coupling constants for the light-heavy interactions. The choice α = 1
corresponds to a natural notion of light vector meson dominance, which is
interesting to test. As seems appropriate for an initial treatment, we do not
include terms in (2.3) which are higher order in 1/M, contain more derivatives of the light fields or involve light flavor symmetry breaking.
For treating the light baryon as a soliton which gets bound to the heavy
meson, we shall need information about the classical soliton solutions of
Llight . First note the 2 × 2 matrix decomposition of ρµ :
1
ρµ = √ (ωµ 1 + τ a ρaµ ).
2

(2.5)

Then we have (see e.g. ref. 12) the classical “profiles”:
Uc = exp(ix̂ · τ F (r)),
ρaic = √

ω0c = ω(r),

1
ǫika x̂k G(r),
2g̃r

(2.6)

and ωic = ρa0c = 0. The boundary conditions for a finite energy baryon
number one solution are:
F (0) = −π,

G(0) = 2,

ω ′(0) = 0,

F (∞) = G(∞) = ω(∞) = 0.

(2.7)

Typically, the opposite sign is taken for F (0) as a kind of convention but
the sign choice above gives the correct sign for both axial vector current and
vector current matrix elements18 .
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Overview of the approach

The first step in the bound state approach is to find the channel in which the
potential between the heavy meson and the nucleon as soliton is maximally
4

attractive. Of course in order to get a positive parity heavy baryon we should
consider the orbital angular momentum l to be unity. In ref. 1, the attraction
is found in the state with l = 1 and grand spin, G = 12 . The grand spin is the
sum of the isotopic spin of the heavy meson, I and the angular momentum,
J; it enters in the first place because the Skyrme soliton ansatz, given in
(2.6), mixes the isospin and ordinary spaces. We would like to display a
suitable wavefunction for the heavy meson, H̄ in the l = 1, G = 12 channel.
First note from (2.2) that when we specialize the heavy meson to be at rest
(Vi = 0), the 4 × 4 matrix H̄ has non-vanishing elements only in the lower
left 2 × 2 subblock. The first index of this submatrix represents the spin of
the light degrees of freedom within the heavy meson while the second index
represents the spin of the heavy quark. Furthermore there is the unwritten
bivalent isospin index. Specializing to this subblock we then write the H̄
wavefunction as:
ǫld u(r)
b
H̄lh
= (x̂ · τ )bd √ √
(3.1)
2 4πM
Here, the radial wave function, u(r) is taken in the first approximation to be
localized at the origin, r 2 u2 (r) ≈ δ(r). Note that the quantity x̂ represents
the angular part of the space wave function and the first factor couples it to
the isospin index, b to give G = 12 . In turn this is coupled to the light spin
index, l with the Clebsch-Gordan coefficient √12 ǫld to give G = 0. Finally,
the heavy spin index, h is left uncoupled (as appropriate to the heavy spin
symmetry) to give the desired net result G = 12 .
To see that the wavefunction (3.1) gives attraction we consider the matrix
element of the “potential” obtained from (2.3):
V = −iMd

Z

d3 xT r(Hγiγ5 pi H̄) + · · ·,

(3.2)

where only the d term has been shown for simplicity. Substituting in (3.1),
pi from (2.4) and (2.6) as well as γi γ5 → −iσi yields
d
1
V = F ′ (0)ǫsc (σi )sl (x̂ · τ )ca [− τi + x̂i x̂ · τ ]ab (x̂ · τ )bd ǫld + · · ·.
2
2




(3.3)

Noticing that the object within the curly brackets is simply 21 (τi )cd we easily
get
3d
V = − F ′ (0) + · · ·.
(3.4)
2
5

This provides an attractive force in the l = 1, G = 21 channel since F ′ (0) > 0
and d is also expected to be positive. We will give the contributions to V
from the first and third terms in (2.3) in the next section; they do not appear
to change the attraction to repulsion. However if we were to replace the
Clebsch-Gordan coefficient in (3.1) by δl1 δd1 , which corresponds to coupling
everything but the heavy quark spin to G=1, we would find that the − 32
factor in (3.4) is replaced by + 12 and repulsion. This is in agreement with
refs. 8 − 9; in our approach the x̂ · τ factor appears in a very natural way and
also there is no need to introduce a collective rotation factor at the present
stage.
The next step is to introduce collective coordinates by allowing those
constant transformations which leave the Lagrangian invariant to depend on
time. First consider the soliton “rotational” modes,19 A(t); these are defined
from the transformations
U(x, t) = A(t)Uc (x)A−1 (t); τ · ρi (x, t) = A(t)τ · ρic (x)A−1 (t);
H̄(x, t) = A(t)H̄bound ,

(3.5)

where H̄bound is effectively the wavefunction in (3.1) and A(t) acts on its
isospace index. Defining
the angular velocity, Ω by A† Ȧ = 2i Ω · τ and
R 3
substituting (3.5) into d x(Llight + Lheavy ) gives an additional contribution
to the Lagrangian of the general form1 :
1
δL = K Ω2 − χ Ω · GH ,
2

(3.6)

in which K and χ represent spatial integrals over the profiles in (2.6) while
GH , to the accuracy of interest, is the expectation value of the heavy particle
grand-spin, GH = hτ /2i + · · · . Note that at the collective Lagrangian level,
as discussed in ref. 1, the angular momentum of the heavy field is represented
by its grand-spin while the heavy field isospin is transmuted to zero. From
(3.6), with the soliton angular momentum, Jis = ∂δL/∂Ωi , the rotational
collective Hamiltonian is obtained as
Hcoll =

2
1  s
J + χ GH .
2K

(3.7)

The moment of inertia, K is identified from the light soliton sector as K =
3
(m∆ − mN )−1 in terms of the nucleon and ∆ masses. Eqn (3.7) can be
2
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simplified by noting that the total angular momentum is given as J = Js +
GH . Then we arrive at the heavy baryon mass formula1 :
1
Hcoll = (m∆ − mN ) [(1 − χ)I(I + 1) + χ J(J + 1) + · · ·] ,
3

(3.8)

where the three dots stand for a term which does not split the heavy baryon
masses. In deriving (3.8), use was made of the fact that the soliton carries
the full isospin of the heavy baryon at the collective level so that J2 = I2 . We
will see that Lheavy in (2.3) leads to χ = 0. Thus we have the final results:
2
m(Σ∗Q ) − m(ΣQ ) = 0; m(ΣQ ) − m(ΛQ ) = (m∆ − MN ) ,
3

(3.9)

wherein the subscript Q denotes the heavy baryon in which the s quark has
been replaced by the heavy quark Q. The equality m(Σ∗Q ) = m(ΣQ ) is, of
course, expected from the heavy quark spin symmetry.
Finally, we take into account the translational mode, R(t) for the soliton
by now setting
U(x, t) = A(t)Uc (x − R(t)) A−1 (t) ,
(3.10)
and similarly treating the light vector fields. Imagining the heavy meson at
rest with the soliton moving about it, we have a Schrödinger equation for the
relative motion
1
−
∇2 + V (R) u(R) = E u(R) ,
2mN R





(3.11)

wherein V (R) is to be identified with (3.4). It will be expanded to quadratic
order
1
V (R) = V0 + κ R2 · ·· ,
(3.12)
2
following the notation of ref. 9.
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Effects of light vector fields

Here we give details of the calculation, including all three terms in Lheavy ,
(2.3). The α term involves the profile ω(r) and the c term involves the profile
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G(r). The needed factors for the non zero contributions to the “potential”,
V (r) are
1
ρ0 = √ ω(r),
2

pi =

sin F
1
(τi − x̂i x̂ · τ ) + F ′ x̂i x̂ · τ ,
2r
2

1
i
−G′ σ · τ + (rG′ + G(G − 2))x̂ · σ x̂ · τ .
γiγj Fij (ρ) =
g̃r
r




(4.1)

We expand the profiles around the origin as follows:
1
F (r) = −π + rF ′(0) + r 3 F ′′′ (0) + · · ·,
6
1
ω(r) = ω(0) + r 2 ω ′′ (0) + · · ·,
2
1
1
G(r) = 2 + r 2 G′′ (0) + r 4 G′′′′ (0) + · · ·,
(4.2)
2
24
where powers were deleted so that the underlying fields are analytic9 in the
Cartesian coordinates. Substituting (4.1) and (4.2) into (2.3) and evaluating
the resulting expression in the attractive channel corresponding to wavefunction (3.1) enables us to identify the parameters of the “potential” as
3c ′′
αg̃
3
V0 = − dF ′ (0) +
G (0) − √ ω(0),
2
mv g̃
2

(4.3)

1
c 5 ′′′′
1
αg̃
5
( G (0) + G′′ (0)2 ) − √ ω ′′ (0). (4.4)
κ = d(− F ′′′ (0) + F ′ (0)3 ) +
6
3
mv g̃ 6
2
2
If we choose to evaluate V (r) in the “repulsive” channel mentioned after
(3.4), the c and d terms in both (4.3) and (4.4) would be multiplied by −1/3
while the α terms would remain unchanged.
It is of course necessary to know the derivatives of the F (r), G(r) and
ω(r) profiles which appear above. These are found by solving the coupled
differential equations which arise from minimizing the static energy of Llight
(see (6.6) of ref 12) subject to the boundary conditions (2.7) above. For
the typical best fit to meson and light baryon masses these are uniquely
characterized by the starting values20 :
F ′ (0) = 0.795 GeV,

G′′ (0) = −0.390 GeV 2 ,
8

ω(0) = −0.094 GeV. (4.5)

From (4.5) and the differential equations it is straightforward to deduce the
next higher derivatives:
F ′′′ (0) = −0.12 GeV 3 ,

G′′′′ (0) = 0.35 GeV 4 ,

ω ′′ (0) = 0.016 GeV 3 . (4.6)

Finally, let us justify the vanishing of the χ Ω · hτ i/2 term in (3.6) which
was used to obtain the mass formulas in (3.9). This term might arise when
(3.5) is substituted into (2.3). We note that a possible contribution from
the d term would involve a factor p4 and hence a factor γ4 γ5 , which has no
components in the 2 × 2 subblock for which H̄H is non-vanishing. Similarly
the relevant factor for the c term involves a factor γk γ4 , which also has a
vanishing overlap with H̄H. For the first term in (2.3) we may explicitly
check that the operator τ has zero expectation value in the wavefunction
(3.1).

5

Results and discussion

To gauge the accuracy of the heavy quark symmetry we may observe that
the vector-pseudoscalar mass differences,which should vanish in the M → ∞
limit, are respectively about 400 MeV, 145 MeV, and 45 MeV for K ∗ −
K, D ∗ − D and B ∗ − B. From this point of view, the s-quark should not be
considered heavy while it seems quite reasonable to treat the b-quark in this
manner.
First let us look at the mass splitting relations (3.9), which are independent of the fine details of the model. Unfortunately there is presently not
enough heavy baryon data to check the formula m(Σ∗Q )−m(ΣQ ) = 0; it is not
surprising that one gets 193 MeV instead of 0 when one uses the hyperons
formed with the s-quark. For the relation m(ΣQ ) − m(ΛQ ) ≈ 195MeV , one
finds 77 MeV with the ordinary hyperons but 170 MeV with the c-quark hyperons. The fair agreement in the latter case is encouraging. The results in
the former case show that the Callan-Klebanov model should not be applied
to the strange hyperons if one goes to the true heavy meson limit.
Additional physical quantities may be estimated with the help of the
“potential” for the bound state problem; substituting (4.5) and (4.6) into
(4.3) and (4.4) yields:
V0 = −1.19d − 0.39c + 0.26α GeV ,
9

κ = 0.27d + 0.12c − 0.04α GeV 3 ,

(5.1)

for the typical choice of light particle Lagrangian parameters. This, of course,
involves the three light-heavy coupling coefficients d, c and α. The value of
d has been discussed in the literature21 ; bounds are obtained which agree
with a simple estimate16 based on pole dominance of the D → K transition
form factor:
Fπ
≈ 0.53,
(5.2)
d=β
FD
where β ≈ 1.0 and we have used22 FD ≈ 250MeV . We shall adopt (5.2) for
definiteness. In contrast we are just at the initial stage for determining the
values of c and α; the present model may assist the direct approach from
meson weak transition matrix elements in this regard.
At lowest order, V0 is a measure of the energy which binds the heavy
meson and soliton together as a heavy baryon. Allowing for a zero point
energy Z for quantum fluctuations, we write
m(ΛQ ) − mN − M = V0 + Z.

(5.3)

The left hand side is about −780 MeV if we identify Q = b. If we first neglect
Z and set α = 1 (“vector meson dominance”), we can get an idea of the value
of c by putting (5.1) into (5.3). This gives us c ≈ 1.0, which seems quite
reasonable in that it is expected to be of the same order of magnitude as
d. Examining the individual terms in (5.1) we see that the pion (d) term is
dominant but the ρ meson(c) contribution is 60% as large and also attractive
while the omega (α) contribution is 40% as large and repulsive. Of course
there can be different fits but this seems to be the typical situation. It is
clear that the vector mesons can be expected to play a non-trivial role.
Using the numbers given above we find the parameter κ, which measures
the strength of the R2 part of the collective mode potential in (3.12), to be
about 0.22 GeV 3 . With (3.12) we note that (3.11) is just the Schrödinger


1

equation for a spherical harmonic oscillator with angular frequency mκN 2
≈ 0.5 GeV . As is well known this results in a zero point energy,Z ≈ 0.75 GeV .
Such a value is not a small perturbation to the right hand side of (5.3) so
one might expect the collective ansatz in (3.10) to be suspicious. It would be
more reliable to include the full non-linearities of the soliton profiles as well as
to include higher derivative interactions in the light-heavy Lagrangian. This
10

is a future job, but we can at least mention the parameters which will fit (5.3)


1

to experiment while retaining Z = 32 mκN 2 . Keeping α = 1 and d = 0.53
would result in c = 4.1 and correspondingly κ = 0.6 GeV 3 . Such a value of
c is on the large side. An alternative fit is obtained by choosing c = 1 and
taking d = 0.7 (the experimental bound); then we find α = −2 (which does
not agree with our intuitive notion of light vector meson dominance) and
correspondingly κ = 0.39. The two kinds of fits give different values for κ.
Since the orbital excitations of the spherical harmonic oscillator are equally
spaced at intervals given by the angular frequency, we would expect the
first orbitally excited Λb to be about 0.80 GeV higher for the first fit while
about 0.63 GeV higher for the second fit. Another possible future source
of information about κ is the Isgur-Wise function for the Λb → Λc weak
transition form factor. It was shown in ref. 9 that the non-perturbative part
of this form factor is simply given by the overlap of the initial and final state
spherical harmonic oscillator wave functions:
h

i

η0 (V · V ′ ) = exp (mN 3 /κ)1/2 (V · V ′ + 1) ,

(5.4)

where the strict M → ∞ limit was taken for simplicity of writing.
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